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ABSTRACT 

This paper describes sub-critical experiments performed on the zero-power reactor VR-

1 in Prague. Measurable states of the core sub-criticality were achieved by the sub-critical 

multiplication method. Reactivity or multiplication factor was determined by Source 

multiplication method known as Greenspan Method. This method is simple and reliable. 

Requirement for this method is to know a slope of the reactor power increase from critical 

state after neutron source injection. Measurements were carried out for different power level 

and position of detectors. For each case, the model for MCNP and SCALE was prepared. 

Comparison of experimental and calculated values will identify the trends and reliance of the 

computational bias to depth of sub-criticality. In special case it can define requirements on 

standard benchmark experiment for PWRs. This paper also gives a brief description of the 

experimental reactor VR-1 and equipment used within the analysis.  

1 INTRODUCTION 

Criticality safety analysis provided for Nuclear Power Plants in commissioning include 

investigations where it is required to prove deep sub-criticality of irradiated fuel pool storage, 

transport cask, spent fuel storage or shut-down core. All of these cases are represented by the 

high concentration of an absorber material in liquid or solid state to meet the legislative limits. 

The benchmark experiments are mostly critical configurations where materials like boron or 

cadmium are in minority or situated in the periphery of the configuration with small 

influence. Computational bias usually used in benchmark calculations is in general composed 

of geometrical simplifications, computational system methodology and nuclear data 

uncertainty. Therefore, the bias determined by benchmark calculation based on critical 

experiments, may not be applicable for cases where multiplication capability and 

concentration of absorber materials is significantly different.  
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In the Monte Carlo criticality calculations (MCNP) generally volumetric or point 

neutron source is used through the SDEF and KSRC cards. The initial source serves to define 

the distribution of starter particles, and after reliable convergence is achieved, the final 

neutron distribution is obtained. Otherwise, an isotopic neutron source uses in the 

experimental devices, like experimental reactor, is localized in a specific area, hence this 

configuration can serve as a special case for validation and verification of computational 

methodology utilized in sub-critical calculations. 

2 THEORY BACKGROUND 

Evaluation of the sub-criticality by integral parameters like the multiplication 

coefficient or reactivity requires the use of special, but reliable experimental method. Based 

on the VR-1 reactor instrumentation and experimental equipments, Source Multiplication 

Method was chosen and an experiment was proposed. Otherwise, computational 

determination of reactivity is more straight-forward especially in cases where Monte Carlo 

based codes are utilized. For the evaluation of uncertainties other than statistical (coming 

from Monte Carlo calculation) it is also necessary to use special techniques. Uncertainties 

induced by cross section data, which are ones of the contributors to the computational bias, 

can be evaluated using sensitivity analysis and nuclear data covariances. 

2.1 Source Multiplication Method 

Source multiplication method, called also as Greenspan Method, is reliable method for a 

total reactivity determination. This method involves two measurements of the reactor 

response to a neutron source:  

 Subcritical - achieved by source subcritical multiplication, where the reactor 

response N (count rates of measurement system) is measured 

 Critical - with inserted neutron source, where linear power rise R is measured. 

The final sub-criticality expressed by the reactivity can be determined by Eq. (1) derived by 

Greenspan [1].  

𝜌

𝛽𝑒𝑓𝑓
= −𝐴

𝑅

𝑁
            (1) 

Eq. (1) contains parameter A, which describes the material properties of the given 

experimental configuration. Parameters included in A, presented in Eq. (2), are stable during 

reactor operation or experimental configuration. Therefore this parameter is evaluated once at 

the beginning and is used in the following experiments as a constant.  

 𝐴 =
ℓ

𝑘𝑒𝑓𝑓0𝛽𝑒𝑓𝑓
+ ∑

𝛽𝑒𝑓𝑓𝑖

𝛽𝑒𝑓𝑓𝜆𝑖

6
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Parameter ℓ in Eq. (2) is the prompt neutron life-time, 𝑘𝑒𝑓𝑓0 is the effective multiplication 

coefficient (usually equal or near to unity), 𝛽𝑒𝑓𝑓 is the total effective delayed neutron fraction, 

𝛽𝑒𝑓𝑓𝑖 is the effective delay neutron fraction for group i and 𝜆𝑖 is the decay constant for group 

i. For the determined reactivity, the multiplication coefficient can be calculated by Eq. (3) 

 𝑘 =
1

1−𝜌
             (3) 
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2.2 Sensitivity and Uncertainty Method 

Sensitivity analysis based on the Standard Perturbation Theory (SPT) offers to a nuclear 

engineer unique insight into the investigated system. The sensitivity processing in conjunction 

with nuclear data covariances may further serve as a powerful utility to obtain the cross 

section induced uncertainties, in calculated quantities of an applied interest [2]. The 

sensitivity analysis technique is based on steady state Boltzmann forward and adjoint 

transport equations, Eq. (4).  

𝐿Φ(𝑥) − 𝜆𝑃Φ(𝑥) = 0,           (4) 

where x symbolically represents all independent variables, such as the neutron’s space, energy 

and direction coordinates. Operators 𝐿 and 𝑃 are net loss and production Boltzman operators 

respectively and 𝜆 is lambda mode eigenvalue, where 𝜆 = 1 𝑘𝑒𝑓𝑓⁄ . After the implementation 

of some perturbations to the transport operators and to the eigenvalue in Eq. (4), the further 

derivation leads to the common expression of the first order sensitivity of the multiplication 

factor to some parameter 𝛼. 

𝑆𝑘,𝛼 =
𝛼
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          (5) 

Parameter 𝛼, appearing in Eq. (5), generally represents the nuclear data, such as the cross 

section (capture, fission, elastic scattering, inelastic scattering and (𝑛, 2𝑛)), fission spectrum 

or nubar. Based on Eq. (5), the sensitivity coefficient can be defined as a percentage change of 

𝑘𝑒𝑓𝑓 due to one percent change in parameter 𝛼, or in our case, in nuclear data. In addition, 

sensitivity coefficients are often used to relate the cross section uncertainties to the 

uncertainty in the response, 𝑘𝑒𝑓𝑓 or reactivity [3]. The uncertainty in the response R is then 

given by Eq. (6) 

𝜎𝑅
2 = 𝑆𝑅,𝛼𝐶𝛼𝑆𝑅,𝛼

𝑇  ,            (6) 

where 𝜎𝑅
2 is the variance of the response R and 𝐶𝛼 is a covariance matrix of parameter 𝛼. 

3 EXPERIMENT AND MODELLING DESCRIPTION 

3.1 VR-1 reactor 

The VR-1 training reactor is a pool-type, light water reactor based on enriched uranium. 

The neutron moderator is light demineralized water, which is also used as a neutron reflector, 

as a biological shielding, and as a coolant. The heat is removed from the active core by 

natural convection. The reactor an octahedral body shape and is manufactured from special 

shielding concrete. There are two pools in the reactor; stainless steel vessels marked as H01 

and H02. Both are practically identical, but their functions are different. The reactor vessel 

H01 is designed for the active core and the other one, H02, is the handling vessel. This 

arrangement was chosen predominantly to provide adequate radiation protection and to make 

some manipulations easier. The inside parts of the reactor consists of several function units 

that generally are linked to the reactor active core [4]. The basic parameters of the VR-1 

reactor are summarized in Tab. 1. 
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Table 1: Basic parameters of VR-1 reactor [4] 

Nominal power 1 kW thermal, 5 kW thermal for a short period 

Fuel type IRT-4M, enrichment 19.7 % U-235 

Reactor vessel 

• diameter 

• height 

• wall thickness 

• bottom thickness 

Stainless steel 

2300 mm 

4720 mm 

15 mm 

20 mm 

Reactor shielding light water and heavy concrete 

Temperature in reactor approx. 20°C 

Reactor cooling natural convection 

Pressure atmospheric 

Neutron source Am-Be, 185 GBq 

Control system 5-7 absorbing (control) rods UR-70 with cadmium 

IRT-4M fuel is used in the reactor in three modifications: four-tube, six-tube and eight-

tube fuel assemblies. The fuel consists of concentric square tubes connected by the lower and 

the upper head. The cross section of the eight-tube fuel is shown in Fig. 1. The control rod 

absorbers or other channels (such as terminal of the pneumatic tube post) can be placed into 

six-tube fuel assemblies. IRT-4M fuel layer consists of a dispersion of Al and UO2, enriched 

to 19.7 % of 235U. The fuel layer is coated on both sides with aluminium alloy SAV-1 with 

thickness of 0.47 mm. Producer of the IRT-4M fuel is the NZCHK company located in 

Novosibirsk (the Russian Federation). 

 
Figure 1: Cross section of the eight-tube fuel assembly [4] 

3.2 Core configuration 

The active core of the VR-1 reactor is composed of 24 elements in a 4 x 6 pattern. In 

this configuration there are 8 eight-tube fuel assemblies in two modifications, 7 six-tube fuel 

assemblies with control rod instrumentation (in Fig. 2 labelled as E1, E2, R1, R2, B1, B2, 

B3), two six-tube assemblies with axial channels, and one four-tube fuel assembly situated. 

The active core is surrounded by four operational power measuring (OPM) channels, 

equipped with fission chambers RJ1300, and by four independent power protection (IPP) 

channels, equipped with boron chambers SNM 12. The pattern of active core is shown in 

Fig.2. The measurements of the linear power rise and sub-critical response were 

supplemented by three boron detectors SNM 10 installed in axial channels in positions G6, 

C6 and E3. 
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Figure 2: Cross section of the VR-1 core configuration 

The sub-critical configuration was achieved by the combination of fully inserted and 

withdrawn safety, manual or experimental rods (CR). The sub-critical configurations were 

defined by sequential withdrawing of individual CR, where the experiment started with all 

CRs in lower position followed by withdrawal of B1 CR, in the next step B2, B3, E1 and 

finally R1 was withdrawn. The E2 CR was inserted in the core all the time for safety reasons 

and R2 was left as the last one to achieve the criticality. In this way, six configurations with 

different depth of sub-criticality were obtained. Experiments were repeated twice with 

different axial positions of detectors. The parameter A from Eq.(2) was determined for this 

core pattern as A=11.3. Delay neutron fractions as well as the decay constants were calculated 

by using neutron data from ENDF/B-VII.1 [5] cross section library. 

3.3 Modelling 

The parameterized models of the VR-1 reactor in MCNP5 v1.6 [6] was generated by the 

APOBAP system [7] for all cases. Based on these models, equivalent models in SCALE [8] 

were prepared. All of these models were defined without neutron detectors for these models 

was performed in Continuous Energy (CE) mode with ENDF/B-VII.1 and ENDF/B-VII.0 [8] 

cross section libraries for MCNP5 and KENO-VI respectively. Comparison of the results for 

both codes is shown in Tab. 2, where the achieved standard deviation was about 11 pcm for 

MCNP5 and about 14 pcm for SCALE.  

Table 2: Comparison of keff for subcritical configurations calculated by SCALE and MCNP 

Withdrawn CR All down B1 B1-B2 B1-B2-B3 B1-B2-B3-E1 B1-B2-B3-E1-R1 

MCNP5 v1.6 0.92717 0.94324 0.95785 0.97611 0.98415 0.99479 

KENO-VI 0.92607 0.94184 0.95677 0.97502 0.98300 0.99357 

Difference 0.00110 0.00140 0.00108 0.00109 0.00115 0.00122 

To evaluate the uncertainty of the calculated keff related to cross section uncertainties, 

TSUNAMI-3D module from SCALE package was used. As a part of the sensitivity analysis 

forward and adjoint flux calculation were carried out using 238 group ENDF/B VII.0 [8] data 

libraries. The spectral calculations for all types of fuel assemblies were performed by the 

CENTRM and PMC codes from SCALE package to generate problem depended self-shielded 

Multi-Group (MG) cross sections. In terms of sensitivity and uncertainty analysis, cylindrical 

volume containing boron material was introduced to the models of selected assemblies in 
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order to account for all relevant materials which were present during the experiment in the 

active core. These volumes represent the SNM 10 detectors mentioned in previous part. The 

density of the material was defined in a way to when critical configurations close to unity 

were achieved and all geometrical and material simplifications were compensated. 

4 DISCUSSION AND RESULTS 

The measurements of sub-criticality were repeated twice with different axial position of 

detectors located in the positions G6, E3 and C6. Position of the detectors in OPM channels 

during experiments was not changed and the value of reactivity was achieved as a result from 

this system. In Fig. 3, the multiplication coefficients calculated based on Greenspan 

expression from experimentally measured data are presented, where the positions of detectors 

were above the fuel zone, and were compared with multiplication coefficients calculated by 

MCNP5 and determined by OMP system. The standard deviation of MCNP5 results is not 

presented since it was too small in comparison with experimental data. The values from OPM 

system are determined without standard deviation, therefore they can be considered as 

informative. 

 

Figure 3: Comparison of multiplication coefficient obtained from calculation and 

measurements with detectors in the upper part of fuel zone 

The comparison of the calculated and measured data has revealed two phenomena. The 

first one is not so significant, but if one compares MCNP5 results with the data from OPM 

one may see, that the slope of MCNP5 results is steeper. It means that MCNP5 or KENO-VI 

in CE mode has a tendency to underestimate the sub-critical configurations. The difference is 

not huge, but is relevant and it increases with number of inserted CRs in the active core. The 

second phenomenon is more noticeable. The increase of experimental data deviation from 

MCNP5 and OPM results, presented in Fig, 3, exceeds acceptable limits and in some cases is 

far beyond a margin of the standard deviation. This behaviour is related to the shielding effect 

of CR to used neutron detector. The Greenspan formula is expressed as a ratio of linear power 

rise to subcritical response, where the linear power rise is measured from the critical 

configuration, where almost all CRs are in upper position.  Due to deformation of the neutron 

flux shape by sequential withdrawing CRs, the ratio of linear power rise to sub-critical 

response is not linear and the underestimation of the multiplication coefficient is significant 

and furthermore increases with the number of inserted CRs.  
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Figure 4: Comparison of multiplication coefficient obtained from calculation and 

measurements with detectors in mid of fuel zone 

The underestimation of KENO-VI results in MG mode against to OPM values is also 

relevant for the position of detectors in the mid fuel region. The gap between these results is 

greater, which suggests that MG calculation is more sensitive to a level of sub-criticality. On 

the other hand, the shift of experimental data is smaller for configuration with detectors in the 

middle of the fuel zone, see Fig. 4. The sensitivity and uncertainty analysis has identified a 

relatively stable total uncertainty induced by cross section data. Above the value of keff 0.95, 

where the shielding effect is low, the measured multiplication coefficients fall within this 

uncertainty. On the other hand, the keff values obtained from OPM and determined by 

measurements leave the area determined by this uncertainty under this threshold. The main 

contributors to the total uncertainty, in terms of reaction and isotopes, are presented in Tab. 3, 

where 113Cd is also included to show its rising uncertainty contribution depending on number 

of inserted CRs. 

Table 3: Relative uncertainties for nuclides, reactions and computational cases 

Covariance Matrix Contribution to Uncertainty in keff (% Δk/k) 

Nuclide-

Reaction 

Nuclide-

Reaction All down B1 B1-B2 B1-B2-B3 

B1-B2-

B3-E1 

B1-B2-B3-

E1-R1 

Total unc. 5.92E-01 5.89E-01 5.89E-01 5.92E-01 5.81E-01 5.91E-01 

235U - chi 235U - chi 3.71E-01  3.66E-01 3.66E-01 3.70E-01 3.69E-01 3.67E-01 

235U - nubar 235U -  nubar 2.95E-01 2.95E-01 2.96E-01 2.96E-01 2.96E-01 2.96E-01 

235U - (n,γ) 235U - (n, γ) 1.79E-01 1.81E-01 1.81E-01 1.84E-01 1.86E-01 1.86E-01 

: : : : : : : : 

113Cd - (n, γ) 113Cd - (n, γ) 1.50E-02 1.08E-02 7.22E-03 3.89E-03 2.36E-03 1.12E-03 

5 CONCLUSION 

On the experimental reactor VR-1 experimental measurements for sub-critical 

configurations were carried out. The measured data were evaluated to the form of reactivity 
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and multiplication coefficients using Source multiplication method. For those configurations 

geometrical and material models were prepared in SCALE systems. For sensitivity and 

uncertainty (S/A) calculation SCALE CE model was modified for MG calculation. In terms of 

an assessment of the influence of the level of sub-criticality to the computational bias, we can 

conclude that the computational bias is proportional to the level of achieved sub-criticality. 

For MG calculations it is more significant that it is for CE calculation, but in both cases 

calculated multiplication coefficients underestimated the measured data. Based on S/A 

analysis, where almost same uncertainty was determined for all cases, the contribution of the 

cross section data on the computational bias is insensitive on the level of sub-criticality for 

configurations with Cd as a neutron absorber. Therefore it seems that the computational 

methodology of code causes the increase of computational bias for sub-critical configurations. 

In this analysis the contribution of only one neutron absorber was investigated and some 

others, like lithium or boron, may be investigated in the future. Although S/U methodology 

has its own constraints, like the precision of the flux spatial distribution or covariance 

matrices, but the results and output presented in this paper may serve as an inspiration for 

more comprehensive analyses. Finally, this analysis demonstrated that application of the 

Source Multiplication Method for measured data has some limitations, where the presented 

shielding effect was caused by exceeding the limits of point kinetics. 
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